Abstract. Let V be a nonsingular projective 3-fold of general type. When the pluricanonical section index δ(V ) > 12, ChenChen [3] has a complete list of the possibility for the weighted basket B(V ). However the possibility of B(V ) could be infinite in the situation δ(V ) ≤ 12, which is the main challenge to the classification. In this paper we mainly study the case with δ(V ) = 12 and show that Vol(V ) ≥ 31 48048 , which improves the corresponding result of Chen-Chen [3, Prop. 4.9(5)].
Introduction
One of the fundamental problems in birational geometry is to study the distribution of discrete birational invariants of varieties in question. Among those birational invariants, the canonical volume plays the key role. Given a nonsingular projective n-fold Y , the canonical volume The remarkable theorem, proved by Hacon-McKernan [4] , Takayama [6] and Tsuji [7] , says that there exists a constant v n > 0 so that Vol(Y ) ≥ v n for any n ≥ 3. However the constant v n is not explicitly known except that one has v 3 ≥ 1 1680
, which was proved by Chen-Chen [1, 2, 3] . Restricting our interest to 3-folds, we are absorbed by those beautiful calculations of Chen-Chen. Thanks to the guidance of Meng Chen, I am able to consider one of the boundary case here that, when P 12 ≥ 12, the possibility for the weighted basket could be infinite and thus it is necessary to slightly extend the method developed by ChenChen to find the lower bound of Vol (Y ) .
To be precise, we always consider a nonsingular projective 3-fold V of general type. Pick up any minimal model X of V . The so-called weighted basket B(V ) := B(X) = {B X , χ(O X ), P 2 (X)} where B X is the Reid basket (see [5] ). Recall from Chen-Chen [3] that the pluricanonical section index δ(V ) = δ(X) := min m∈Z + {m|P m (X) ≥ 2}. By Chen-Chen [1] , one has 1 ≤ δ(V ) ≤ 18. So far, B(V ) has been completely classified when δ(V ) > 12 (see Chen-Chen [3, Theorem 1.4] ). When δ(V ) ≤ 12, though Chen-Chen has given effective lower bounds for K 3 X , it is interesting to see if those are optimal. It is with this motivation that we are going to study the case δ(V ) = 12 in this paper. Our main result is the following: Theorem 1.1. Let V be a nonsingular projective 3- and the equality holds if and only if B(V ) = {B H , 4, 0} where B H = {9 × (1, 2), (7, 16) , (3, 7) , 2 × (5, 13), 5 × (1, 3), (2, 7) , (3, 11) , (1, 4) }. We briefly explain the idea of this paper. Assume P 12 ≥ 2. Though {B(V )|δ(V ) = 12} might be an infinite set, we may consider two subcases:(1) P 12 ≥ 3; (2) P 12 = 2. The first case is better since ChenChen's inequality in [3] can be applied to estimate the lower bound of K 3 X . In the second case, we first deduce that P 2 = 0 and n 0 1,6 = 0, 1. By Chen-Chen's formulae in [1] , we can see that χ(O X ) is bounded from above. Thus, theoretically, this is a computable problem. In fact, for the situation n 0 1,6 = 0, we may use Chen-Chen's formula to realize the calculation. When n 0 1,6 = 1, known formula is not useful for us and we need to deduce the expression for B (n) instead. Fortunately, the result is favorable as there are very few outputs. So we could eventually conclude our main statement.
Essentially affected by Chen-Chen's work, we more or less keep the same notation and concepts as in [1, 2, 3] .
Hereby I would like to express my sincere gratitude to professor Meng Chen who guided me to this topic and helped me a lot in completing this paper.
Preliminaries
We recall the invariants and structure of baskets developed by ChenChen in [1] .
2.1. The basket of terminal quotient singularities and packings. Definition 2.1. By a 3-dimensional terminal quotient singularity Q = 1 r (1, −1, b), we mean one which is analytically isomorphic to the quotient of (C 3 , 0) by a cyclic group action ε: ε(x, y, z) = (εx, ε −1 y, ε b z), where r is a positive integer, ε is a fixed r-th primitive root of 1, the integer b is coprime to r and 0 < b < r. By replacing ε with another primitive root of 1 and changing the ordering of coordinates, we may and do assume that 0 < b ≤ r 2 . Definition 2.2. A basket B (of terminal orbifolds) is a collection (allowing weights) of terminal quotient singularities of type
i ∈ I where I is a finite index set. For simplicity, we will always denote a terminal quotient singularity 1 r (1, −1, b) simply by the pair (b, r) when no confusion is likely. So we will write a basket as:
where each m i denotes the weight. A generalized basket means a collection of pairs of integers (b, r) with 0 < b < r, but not necessary requiring b, r to be coprime each other. . We define
One can see that ∆ n (b, r) is a non-negative integer. For a generalized basket B = {(b i , r i )|i ∈ I} and a fixed n > 0, we define ∆
Definition 2.4. Given a basket 
Recall that, in Chen-Chen [1, 2.13], an operator B (n) (·) was defined to obtain the canonical sequence {B (n) (B)} of the given basket B. Roughly speaking, B (n) (B) is obtained by unpacking B down to the level "n". For n > 0, set B (n) := B (n) (B). So have the canonical sequence:
Define ǫ n (B) to be the total number of prime packings belong to the packing process α n . 
2.2. The weighted basket. A weighted basket is a formal triple B = {B,χ,χ 2 } where B is a generalized basket,χ ∈ Z andχ 2 ∈ Z + ∪ {0}. We define the Euler characteristic and K 3 of a formal basket formally as follows. First we define
and the volume
For m ≥ 4, the Euler characteristic χ m (B) is defined inductively by
Clearly, by definition, χ m (B) is an integer for all m ≥ 4 because
and σ = 10χ + 5χ 2 − χ 3 (B) have the same parity.
Given a Q-factorial terminal 3-fold X, one can associate to X a triple B(X) := (B,χ,χ 2 ) where B = B(X) is Reid's basket,χ = χ(O X ) and χ 2 = χ(O X (2K X )). It's clear that such a triple is a formal basket. The Euler characteristic and K 3 of the formal basket B(X) are nothing but the Euler characteristic and K 3 of the 3-fold X. For simplicity, we denote χ m (B) byχ m for all m ≥ 2. Also denote
Definition 2.8. Let B := (B,χ,χ 2 ) and B ′ := (B ′ ,χ,χ 2 ) be two formal baskets.
(1) We say that B ′ is a packing of B (written as B ≻ B ′ ) if B ≻ B ′ . Clearly "packing" between formal baskets gives a partial ordering. In the case that X is a minimal projective 3-fold of general type, we see that K 3 (B(X)) = K 3 X andχ m = P m (X) for all m ≥ 2 by the vanishing theorem.
Representation of B
(n) in terms of χ and P m . Given a minimal projective 3-fold X of general type. Take B = {B(X), χ, P 2 (X)}. Then B (0) , B (5) , · · · , B (12) can be expressed in terms of χ and P m (2 ≤ m ≤ 13). The readers are requested to check Chen-Chen [1, P376-P379] for details which are omitted here due to controlling the bulk of this paper.
3. Proof of the main theorem 3.1. Boundedness. Let V be a nonsingular projective 3-fold of general type. Pick up any minimal model X of V . Set
We would like to prove that {B(X)|P 2 (X) = 2} is a finite set.
Lemma 3.1. If P m ≤ 1 for all m ≤ 11 and P 12 = 2, then P 2 = 0.
Proof. We shall repeatedly use those formulae in [1, P376-P379] and keep the same notations as there.
First of all, we have
Clearly we have P 2 ≤ 1. If P 2 = 1, then P 4 = P 5 = P 6 = 1. It follows that P 3 = P 7 = ǫ = 0. But this is impossible since P 2 = P 5 = 1 implies
So we have the following equalities:
By Reid's Riemann-Roch formula, if χ(O X ) ≤ 0, then P 3 ≥ 2 (contradicting to our assumption of Theorem 1.1). By Chen-Chen [2, Corollary3.13], if χ(O X ) = 1, then P 10 ≥ 2. Thus we may always assume χ(O X ) > 1 from now on. 2P 5 + 3P 6 + P 8 + P 10 + P 12 ≥ χ + 4P 3 + P 7 + P 11 + P 13 + R.
This implies P 3 = 0 and P 5 = P 6 = 1. Thus P 11 = 1. Eventually we see P 8 = P 10 = 1 and P 7 = P 13 = 0 But then P 13 ≥ P 5 · P 8 = 1 gives a contradiction. So we have n 2P 5 + 3P 6 + P 8 + P 10 ≥ P 7 + P 11 + P 13 + 7, which says P 5 = P 6 = P 8 = P 10 = 1 and P 7 = P 11 = P 13 = 0. But then P 11 ≥ P 5 · P 6 = 1 (a contradiction). Thus n 
We list all B (n) (7 ≤ n ≤ 12) here to guide our computation. In explicit, we have
has its weights:
where η is the number of prime packings of type {(1, 3), (1, 4)} ≻ {(2, 7)}. We have already known
Thus, taking some prime packings into consideration,
We know that:
}. Let ζ be the number of prime packing of type {(1, 2), (3, 7)} ≻ {(4, 9)}, then the number of type {(1, 4), (1, 5)} ≻ {(2, 9)} prime packing is ǫ 9 − ζ. We can get B (9) consisting of the following coefficients:
4,9 = ζ n 9 3,7 = χ − P 3 + P 6 + P 7 − P 8 − η − ζ n 9 2,5 = χ + 2P 3 − 4P 6 + P 9 + η n 9 3,8 = −P 3 − P 4 + P 5 + P 6 + P 8 − P 9 n 9 1,3 = 2χ + 3P 3 − P 4 − P 5 + P 6 − P 7 − P 8 + P 9 − η n 9 2,7 = η n 9 1,4 = χ + 3P 3 + P 4 − 2P 5 − P 6 + P 7 − P 8 − P 9 + P 10 − 2η + ζ n 9 2,9 = −P 3 − P 6 + P 8 + P 9 − P 10 + η − ζ n 9 1,5 = P 4 + P 5 + 2P 6 − P 7 − P 8 − P 9 + P 10 − η + ζ One has ǫ 10 = −P 4 − P 5 + P 6 + P 7 + P 10 − P 11 − η and then B (10) consists of the following coefficients:
4,9 = ζ n 10 3,7 = χ − P 3 + P 6 + P 7 − P 8 − η − ζ n 10 2,5 = χ + 2P 3 − 4P 6 + P 9 + η n 10 3,8 = −P 3 − P 4 + P 5 + P 6 + P 8 − P 9 n 10 1,3 = 2χ + 3P 3 − 2P 7 − P 8 + P 9 − P 10 + P 11 − η n 10 3,10 = −P 4 − P 5 + P 6 + P 7 + P 10 − P 11 − η n 10 2,7 = P 4 + P 5 − P 6 − P 7 − P 10 + P 11 + 2η n 10 1,4 = χ + 3P 3 + P 4 − 2P 5 + P 7 − P 8 − P 9 + P 10 − 2η + ζ n 10 2,9 = −P 3 − P 6 + P 8 + P 9 − P 10 + η − ζ n 10 1,5 = P 4 + P 5 + 2P 6 − P 7 − P 8 − P 9 + P 10 − η + ζ By computing ∆ 11 (B (10) ), I get
Let α be the number of prime packing of type {(1, 2), (4, 9)} ≻ {(5, 11)}, and β be the number of prime packing of type {(1, 3), (3, 8)} ≻ {(4, 11)}. Then, I get B (11) with
3,8 = −P 3 − P 4 + P 5 + P 6 + P 8 − P 9 − β n 11 4,11 = β n 11 1,3 = 2χ + 3P 3 − 2P 7 − P 8 + P 9 − P 10 + P 11 − η − β n 11 3,10 = −P 4 − P 5 + P 6 + P 7 + P 10 − P 11 − η n 11 2,7 = −χ + P 4 + 2P 5 − P 7 − P 9 − P 10 + P 12 + 2η + ζ + α + β n 11 3,11 = χ − P 5 − P 6 + P 9 + P 11 − P 12 − ζ − α − β n 11 1,4 = 3P 3 + P 4 − P 5 + P 6 + P 7 − P 8 − 2P 9 + P 10 − P 11 + P 12 − 2η + 2ζ + α + β n 11 2,9 = −P 3 − P 6 + P 8 + P 9 − P 10 + η − ζ n 11 1,5 = P 4 + P 5 + 2P 6 − P 7 − P 8 − P 9 + P 10 − η + ζ Finally, since
,11 = α n 12 4,9 = ζ − α n 12 3,7 = 2χ + P 3 + P 4 − P 5 + P 6 + P 7 − 2P 8 − P 12 + P 13 − 2η − ζ n 12 5,12 = −χ − 2P 3 − P 4 + P 5 + P 8 + P 12 − P 13 + η n 12 2,5 = 2χ + 4P 3 + P 4 − P 5 − 4P 6 − P 8 + P 9 − P 12 + P 13 n 12 3,8 = −P 3 − P 4 + P 5 + P 6 + P 8 − P 9 − β n 12 4,11 = β n 12 1,3 = 2χ + 3P 3 − 2P 7 − P 8 + P 9 − P 10 + P 11 − η − β n 12 3,10 = −P 4 − P 5 + P 6 + P 7 + P 10 − P 11 − η n 12 2,7 = −χ + P 4 + 2P 5 − P 7 − P 9 − P 10 + P 12 + 2η + ζ + α + β n 12 3,11 = χ − P 5 − P 6 + P 9 + P 11 − P 12 − ζ − α − β n 12 1,4 = 3P 3 + P 4 − P 5 + P 6 + P 7 − P 8 − 2P 9 + P 10 − P 11 + P 12 − 2η + 2ζ + α + β n 12 2,9 = −P 3 − P 6 + P 8 + P 9 − P 10 + η − ζ n 12 1,5 = P 4 + P 5 + 2P 6 − P 7 − P 8 − P 9 + P 10 − η + ζ We now explain the effectivity of the possible computation. We have ǫ 10 + ǫ 12 ≥ 0 which gives rise to:
Inserting the expression of R, one has:
χ ≤ −2P 3 − 2P 4 + P 6 + P 7 + P 8 + P 10 − P 11 − P 13 + 2.
If the equality holds, one has P 3 = P 4 = P 11 = P 13 = 0 and P 6 = P 7 = P 8 = P 10 = 1. But then P 13 ≥ P 6 · P 7 = 1, a contradiction. Thus we have χ ≤ 5 (3.3) Considering n 7 1,4 ≥ 0, we get:
So, η ≤ χ + 4 (3.4) We have n 7 2,9 ≥ 0, which implies: ζ ≤ χ + P 3 + P 4 − 2P 5 − 2P 6 + P 7 + P 8 + P 9 − P 10 .
Then,
ζ ≤ χ + 4. β ≤ 3 (3.7) Finally we have: P 13 ≤ −χ − 2P 3 − 2P 4 + P 6 + P 7 + P 8 + P 10 − P 11 + 2 ≤ −χ + 6. 0,0,1,0,0,1,1,1,0 5,0,1,1,0,4,1,0,5,0,0,0,1,0 0,0,0,1,0,1,1,0,1 7,0,1,2,0,0,0,1,6,0 3,0,0,0,1,0,1,1,1,1 8,0,1,1,0,1,1,0,6,0,0,1,0 0,0,1,1,1,1,1,1,1 5,0,1,1,1,0,2,0,4,0,1,0,0,0 0,0,1,1,1,1,1,1,1 5,0,1,2,0,1,2,0,4,0,1,0,0,0 0,0,0,1,0,1,1,1,1 8,0,1,0,1,0,0,1,5,0,1,0,1,0 0,0,0,1,0,1,1,1,1 8,0,1,1,0,1,0,1,5,0,1,0,1,0 0,0,0,1,1,1,1,1,1 6,0,1,2,0,1,0,1,3,1,0,0 0,0,1,0,1,0,0,1,0 6,0,0,4,0,5,0,1,4,0,1,0,2,0,0  1/462  87 4,0,0,0,1,0,1,0,1,0 11,0,0,3,0,1,1,1,5,1,0,0,2 0,0,0,1,0,1,0,1,1 11,0,0,3,0,1,1,1,6,0,0,1,1,0 0,0,1,1,1,1,0,1,1 8,0,0,4,0,1,2,1,4,0,1,0,1 1,1,1,1,1,1 7,0,1,3,0,2,1,1,5,0,1,0,1 0,0,0,0,0,1,0,1,0 8,1,0,1,0,5,1,0,6,0,1,0,3 0,0,0,1,0,1,1,0,0 9,1,0,2,0,2,1,0,8,0,1,0,1,1,0 47/ 27720  105 4,0,0,1,0,1,0,1,1,0 4,1,0,3,0,6,0,0,6,0,1,0,2,0,0  1/770  106 4,0,0,0,1,0,1,1,1,0 9,1,0,2,0,2,1,0,7,1,0,0 0,0,0,1,0,1,1,1,1 9,1,0,2,0,2,1,0,8,0,0,1,1,0 0,0,1,1,1,1,1,1,1 6,1,0,3,0,2,2,0,6,0,1,0,1,0,1  1/770  109 4,0,0,0,1,0,1,1,1,1 9,1,0,2,0,2,0,1,7,0,1,0,2 0,0,0,1,0,1,1,1,0 11,0,1,0,1,2,0,1,6,0,2 0,0,0,1,0,1,1,1,0 11,0,1,1,0,3,0,1,6,0,2 1,1,1,1,1 7,1,1,1,0,3,1,0 3.3. Classification of Case 2. Compared to Case (i), the difference is that we have ǫ = 2 and σ 5 = 1. So we may do parallel calculations. Since the expressions for B (n) are different from before, we should still list them here in order to justify our result.
1,2 = 2χ − 3P 5 − P 9 + P 10 + 3 n 10 4,9 = −2P 3 + P 4 + P 5 − P 7 + P 8 + P 9 − P 10 − 1 + η n 10 3,7 = χ + P 3 − P 4 − P 5 + P 6 + 2P 7 − 2P 8 − P 9 + P 10 − 2η n 10 2,5 = χ + P 3 + P 4 + P 5 − 3P 6 − P 7 + P 9 + 1 + η n 10 3,8 = −P 3 − P 4 + P 5 + P 6 + P 8 − P 9 − 1 n 10 1,3 = 2χ + 5P 3 − 2P 4 − 2P 5 − 2P 6 − P 8 + P 9 − P 10 + P 11 + 4 n 10 3,10 = −P 3 + 2P 6 + P 10 − P 11 − 2 − η n 10 2,7 = P 3 − 2P 6 − P 10 + P 11 + 2 + 2η n By computing ∆ 11 (B (10) ), We get ǫ 11 = χ + P 3 − P 5 − P 8 + P 10 + P 11 − 2 − η
1,2 = 2χ − 3P 5 − P 9 + P 10 + 3 − α n 11 5,11 = α n 11 4,9 = −2P 3 + P 4 + P 5 − P 7 + P 8 + P 9 − P 10 − 1 + η − α n 11 3,7 = χ + P 3 − P 4 − P 5 + P 6 + 2P 7 − 2P 8 − P 9 + P 10 − 2η n 11 2,5 = χ + P 3 + P 4 + P 5 − 3P 6 − P 7 + P 9 + 1 + η n 11 3,8 = −P 3 − P 4 + P 5 + P 6 + P 8 − P 9 − 1 − β n 11 4,11 = β n 11 1,3 = 2χ + 5P 3 − 2P 4 − 2P 5 − 2P 6 − P 8 + P 9 − P 10 + P 11 + 4 − β n 11 3,10 = −P 3 + 2P 6 + P 10 − P 11 − 2 − η n 11 2,7 = −χ + P 5 − 2P 6 + P 8 − 2P 10 + 4 + 3η + α + β n 11 3,11 = χ + P 3 − P 5 − P 8 + P 10 + P 11 − 2 − η − α − β n 11 1,4 = 2P 4 + P 8 − P 10 − P 11 + 1 + α + β n 
1,2 = 2χ − 3P 5 − P 9 + P 10 + 3 − α n 12 5,11 = α n 12 4,9 = −2P 3 + P 4 + P 5 − P 7 + P 8 + P 9 − P 10 − 1 + η − α n 12 3,7 = 2χ + 4P 3 − P 4 − 3P 5 + 3P 7 − 3P 8 − P 9 + P 10 + P 13 + 1 − η n 12 5,12 = −χ − 3P 3 + 2P 5 + P 6 − P 7 + P 8 − P 13 − 1 − η n 12 2,5 = 2χ + 4P 3 + P 4 − P 5 − 4P 6 − P 8 + P 9 + P 13 + 2 + 2η n 12 3,8 = −P 3 − P 4 + P 5 + P 6 + P 8 − P 9 − 1 − β n 12 4,11 = β n 12 1,3 = 2χ + 5P 3 − 2P 4 − 2P 5 − 2P 6 − P 8 + P 9 − P 10 + P 11 + 4 − β n 12 3,10 = −P 3 + 2P 6 + P 10 − P 11 − 2 − η n 12 2,7 = −χ + P 5 − 2P 6 + P 8 − 2P 10 + 4 + 3η + α + β n 12 3,11 = χ + P 3 − P 5 − P 8 + P 10 + P 11 − 2 − η − α − β n 12 1,4 = 2P 4 + P 8 − P 10 − P 11 + 1 + α + β n is optimal or not.
